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Geometric construction of Heisenberg–Weil
representations for finite unitary groups
and Howe correspondences
Naoki Imai and Takahiro Tsushima
Abstract
We give a geometric construction of the Heisenberg–Weil representation of a
finite unitary group by the middle e´tale cohomology of an algebraic variety over
a finite field, whose rational points give a unitary Heisenberg group. Using also a
Frobenius action, we give a geometric realization of the Howe correspondence for
(Sp2n, O
−
2 ) over any finite field including characteristic two. As an application, we
show that unipotency is preserved under the Howe correspondence.
Introduction
For a reductive dual pair (G,G′) over a field, by regarding the Weil representation as
a representation of G × G′ and decomposing it into irreducible components, we have a
correspondence from irreducible representations of G to representations of G′, which is
called the Howe correspondence for (G,G′). Let q be a power of a prime number p. If
q is odd, Weil representations of symplectic groups over Fq are studied in [Ge´r77] and
[How73]. Weil representations of general linear groups over Fq and unitary groups over
Fq2 are constructed in [Ge´r77] for any q.
In this paper, we give a geometric construction of Weil representations of unitary
groups. A finite unitary group Un(Fq) of degree n is regarded as a subgroup of an
automorphism group of a certain Heisenberg group H(hn) determined by a hermitian
form hn on Fnq2, which we call a unitary Heisenberg group (cf. [Ge´r77, Lemma 3.3]
and §1.1). For a non-trivial character ψ of the center of H(hn), there exists a unique
irreducible representation ρψ,H(hn) of H(hn) which contains ψ. In [Ge´r77, Theorem
3.3], an irreducible representation ρψ,HU (hn) of the semidirect product H(hn) ⋊ Un(Fq)
extending ρψ,H(hn) is constructed, which we call the Heisenberg–Weil representation. The
Weil representation is defined to be the restriction of ρψ,HU (hn) to the unitary group.
Our geometric construction is very simple. We regard the unitary Heisenberg group
as a rational point of an algebraic variety, which has a natural action of H(hn)⋊Un(Fq).
This algebraic variety is isomorphic to the affine smooth variety defined by aq + a =∑n
i=1 x
q+1
i in A
n+1
Fq , which we denote by Xn. Let ℓ 6= p be a prime number. We show the
following:
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Theorem. We have an isomorphism
Hnc (Xn,Fq ,Qℓ)[ψ] ≃ ρψ,HU (hn)
as representations of H(hn)⋊ Un(Fq).
We give also a branching formula for the Weil representation of a unitary group in
Proposition 5.5. Thanks to the geometric construction, the branching formula is a simple
consequence of the Ku¨nneth formula.
By taking the mod ℓ cohomology, we can obtain a modular Heisenberg–Weil represen-
tation of a unitary group without ambiguity of semi-simplifications. Another geometric
approach for the Weil representations of symplectic groups is given in [GH07], which is
quite different from ours.
For a unitary group of even degree, we can give another geometric construction of
the Weil representation using a rational form of the variety X2n, which we write X
′
2n.
Using the Frobenius action coming from the rationality of X ′2n, we can construct a
representation of U2n(Fq)⋊Gal(Fq2/Fq) as the middle ℓ-adic cohomology of the variety.
We write Wn for the obtained U2n(Fq) ⋊ Gal(Fq2/Fq)-representation. This Frobenius
action is important for an application to the Howe correspondence as we explain below.
In characteristic two, a general formulation of the Howe correspondence for symplectic-
orthogonal case is not known. However, there is a trial to construct such a corre-
spondence in [GT04, §7], where they consider a dual pair (Sp2n, O
±
2 ) and construct a
representation of the product group Sp2n(Fq) × O
±
2 (Fq). In this paper, we give a geo-
metric construction of the Howe correspondence for the reductive dual pair (Sp2n, O
−
2 )
as follows. The group O−2 (Fq) is isomorphic to the dihedral group D2(q+1). Hence,
we can identify O−2 (Fq) with U1(Fq) ⋊ Gal(Fq2/Fq). We have natural homomorphisms
Sp2n(Fq) →֒ U2n(Fq) and U2n(Fq) × U1(Fq) → U2n(Fq) (cf. [Sri79, §1]). Hence, we have
a homomorphism
Sp2n(Fq)×O
−
2 (Fq)→ U2n(Fq)⋊Gal(Fq2/Fq).
InflatingWn under this homomorphism, we obtain a representation of Sp2n(Fq)×O
−
2 (Fq).
Using this representation, we define the Howe correspondence for (Sp2n, O
−
2 ). Since the
construction is geometric, we can relate the representation of Sp2n(Fq)×O
−
2 (Fq) with a
Lusztig induction in a geometric way. Using the relation, we can show that the Howe
correspondence preserves unipotency for any q. The preservation of the unipotency is
proved in [AM93, Theorem 3.5] for symmetric and even-orthogonal pairs if p is odd and
q is large enough.
In Section 1, we recall the Heisenberg–Weil representation for a unitary group and
give a geometric realization of the representation in the ℓ-adic cohomology of the variety
Xn. In Section 2, we give another construction for a unitary group of even degree.
We study also a Frobenius action, which we need later. In Section 3, we relate the
cohomology of the variety Xn with the cohomology of a Fermat variety or its complement
in a projective space. In Section 4, we recall some facts on the Lusztig induction. In
Section 5, we relate the Weil representation of a unitary group with a Lusztig induction.
We give also a branching formula for the Weil representation of a unitary group. In
Section 6, we construct a representation of Sp2n(Fq) × O
−
2 (Fq) and define the Howe
correspondence for (Sp2n, O
−
2 ). We show that this Howe correspondence is compatible
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with the usual one, which is defined if p 6= 2. We relate the representation with a Lusztig
induction and show the preservation of unipotency under the Howe correspondence.
In a subsequent paper, we will work on mod ℓ cohomology and study a mod ℓ Howe
correspondence using results in this paper.
This work was supported by JSPS KAKENHI Grant Numbers 15K17506, 17K18722.
Notation
For a scheme X over a field F and a field extension F ′/F , let XF ′ denote the base change
of X to F ′.
For a finite group G, an irreducible G-representation λ and a finite-dimensional G-
representation ρ, let ρ[λ] denote the λ-isotypic part of ρ.
1 Heisenberg–Weil representation for unitary group
1.1 Unitary Heisenberg group
We recall the unitary Heisenberg group. Let q be a power of a prime number p. Let
V be a finite-dimensional Fq2-vector space with a non-degenerate ε-hermitian form h,
where ε ∈ {±1}. We put
H(V, h) = {(v, a) ∈ V × Fq2 | a + εa
q = h(v, v)}.
We regard H(V, h) as a group with multiplication
(v, a)(v′, a′) = (v + v′, a+ a′ + h(v, v′)). (1.1)
We put Fq,ε = {a ∈ Fq2 | a + εaq = 0}. We sometimes abbreviate ±1 as ±. The center
Z of H(V, h) equals {0} × Fq,ε. The quotient H(V, h)/Z is identified with V . Hence,
H(V, h) is a Heisenberg group.
Let ℓ 6= p be a prime number. For each non-trivial character ψ of Z over Qℓ, there
exists a unique irreducible representation of H(V, h) whose restriction to Z contains ψ
by the Stone–von Neumann theorem. We denote by ρψ,H(V,h) the unique irreducible
representation of H(V, h) containing ψ. The dimension of ρψ,H(V,h) equals the square
root of the index [H(V, h) : Z].
Let U(V, h) denote the isometry group of (V, h). Then, U(V, h) acts on H(V, h) by
g : (v, a) 7→ (gv, a) for g ∈ U(V, h) and (v, a) ∈ H(V, h). We put
HU (h) = H(V, h)⋊ U(V, h).
Remark 1.1. Assume that h is hermitian. We take an element ξ ∈ Fq2 such that
ξq−1 = −1. Then
ξh : V × V → Fq2 ; (v, v
′) 7→ ξh(v, v′)
is a skew-hermitian form. We have an isomorphism H(V, h)
∼
−→ H(V, ξh); (v, a) 7→
(v, ξa) and an identity U(V, h) = U(V, ξh).
Lemma 1.2. There is the unique irreducible representation ρψ,HU (h) of HU (h) which is
characterized by
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• (ρψ,HU (h))|H(V,h) ≃ ρψ,H(V,h) as H(V, h)-representations and
• Tr ρψ,HU (h)(g) = (−1)
n(−q)N(g) for g ∈ U(V, h), where we put N(g) = dimF
q2
Ker(g−
1).
Proof. This follows from [Ge´r77, Theorem 3.3, Theorem 4.9.2] and Remark 1.1.
We call the representation ρψ,HU (h) in Lemma 1.2 the Heisenberg–Weil representa-
tion of HU (h) for ψ (cf. [Leh74, Proposition 3.1]). We put ωU(V,h) = ρψ,HU (h)|U(V,h),
which is independent of ψ by Lemma 1.2. The representation ωU(V,h) is called the Weil
representation of U(V, h).
1.2 Cohomology of a curve
Let Y be a separated and of finite type scheme over Fq which admits a left action of
a finite group G, let G act on H ic(YFq ,Qℓ) as (g
∗)−1 for g ∈ G. For a finite abelian
group A, we simply write A∨ for the character group HomZ(A,Q
×
ℓ ). We write A
i for an
i-dimensional affine space over Fq. We write Gm for SpecFq[t±1].
For ψ ∈ F∨q,ε, let Lψ denote the rank one sheaf on A
1
F
q2
= SpecFq2[t] defined by
zq + εz = t and ψ−1. For a variety X over Fq2 and a regular function f : X → A1F
q2
, let
Lψ(f) denote the pull-back of Lψ by f . We put
µq+1 = {ζ ∈ Fq2 | ζ
q+1 = 1}.
For χ ∈ µ∨q+1, let Kχ denote the Kummer sheaf on Gm,Fq2 = SpecFq2 [t
±1] defined by
yq+1 = t and χ−1.
Let C be the affine smooth curve defined by zq + z = xq+1 over Fq2. The group Fq,+
acts on C by z 7→ z + a for a ∈ Fq,+. Let ψ ∈ F∨q,+ \ {1} in this section.
The first claim of the following lemma is a variant of [IT17, Lemma 7.1].
Lemma 1.3. (1) We have H ic(CFq ,Qℓ)[ψ] = 0 for i 6= 1 and an isomorphism
H1c (CFq ,Qℓ)[ψ] ≃
⊕
χ∈µ∨q+1\{1}
χ
as µq+1-representations. In particular, we have dimH
1
c (CFq ,Qℓ)[ψ] = q.
(2) Let O be an ℓ-adic ring of integer containing all p-th roots of unity. We regard
ψ as an element of HomZ(Fq,+,O×). The O-module H1c (CFq ,O)[ψ] is free and
H ic(CFq ,O)[ψ] = 0 for i 6= 1.
(3) Let F denote the residue field of O. Let ψ denote the composite of ψ and the
reduction map O× → F×. Then we have an isomorphism (H1c (CFq ,O)[ψ])⊗O F
∼
−→
H1c (CFq ,F)[ψ].
Proof. We have isomorphisms
H1c (CFq ,Qℓ)[ψ] ≃ H
1
c (A
1,Lψ(x
q+1)) ≃
⊕
χ∈µ∨q+1\{1}
H1c (Gm,Lψ ⊗Kχ) (1.2)
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as in [IT15, 2.2]. We have
H ic(Gm,Lψ ⊗Kχ) = 0 for i 6= 1, dimH
1
c (Gm,Lψ ⊗Kχ) = 1 (1.3)
by [Del77, Proposition 4.2 in Sommes trig.]. The first assertion follows from (1.2) and
(1.3). The second assertion follows from a well-known fact that the compactly supported
O-cohomology of a smooth affine curve over Fq is torsion free. The third assertion follows
from H2c (CFq ,O)[ψ] = 0.
1.3 Geometric construction
Let n be a positive integer. We write an element v ∈ Fnq as v = (vk). We consider the
non-degenerate hermitian form on Fnq2 defined by
hn : F
n
q2 × F
n
q2 → Fq2; ((vk), (v
′
k)) 7→
n∑
k=1
vqkv
′
k. (1.4)
We put
H(hn) = H(F
n
q2, hn), U(hn) = U(F
n
q2 , hn).
For x ∈ Fq2 , we write x for the image of x by Fq2 → Fq2 ; x 7→ xq. Let Xn be the affine
smooth variety over Fq2 defined by
zq + z =
n∑
k=1
xq+1k
in An+1F
q2
= SpecFq2 [x1, . . . , xn, z]. Let H(hn) act on Xn by
Xn → Xn; ((xk), z) 7→
(
(xk + vk), z + a+
n∑
k=1
vqkxk
)
for ((vk), a) ∈ H(hn)
and U(hn) act on Xn by
Xn → Xn; (x, z) 7→ (gx, z) for g ∈ U(hn),
where we regard x = (xk) as a column vector. The variety Xn admits an action of
HU (hn). Let Fq,+ act on Xn by z 7→ z + a for a ∈ Fq,+.
We consider the morphism
π : AnFq → A
1
Fq ; (xi)1≤i≤n 7→
n∑
i=1
xq+1i . (1.5)
Then we have an isomorphism
H ic(Xn,Fq ,Qℓ)[ψ] ≃ H
i
c(A
n, π∗Lψ) (1.6)
for i ≥ 0.
We prepare a lemma to treat the case where (n, q) = (2, 2). We put ι =
(
0 1
1 0
)
∈
U(h2).
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Lemma 1.4. Assume that q = 2. We have
Tr(ι;H2c (X2,Fq ,Qℓ)[ψ]) = −2.
Proof. Let e1, e2 be a basis of H
1
c (CFq ,Qℓ)[ψ]. Then under the isomorphism
H2c (X2,Fq ,Qℓ)[ψ] ≃ H
1
c (CFq ,Qℓ)[ψ]⊗H
1
c (CFq ,Qℓ)[ψ]
given by (1.6) and the Ku¨nneth formula, the action of ι is ei ⊗ ej 7→ −ej ⊗ ei for
1 ≤ i, j ≤ 2, where the minus sign appears because of the anti-commutativity of cup
products. Hence we have the claim.
Theorem 1.5. We have H ic(Xn,Fq ,Qℓ)[ψ] = 0 for i 6= n and H
n
c (Xn,Fq ,Qℓ)[ψ] = q
n.
Further, we have an isomorphism
Hnc (Xn,Fq ,Qℓ)[ψ] ≃ ρψ,HU (hn)
as HU (hn)-representations.
Proof. The first assertion follows from (1.6), the Ku¨nneth formula and Lemma 1.3 (1).
By the first assertion, Hnc (Xn,Fq ,Qℓ)[ψ] is isomorphic to ρψ,H(hn) asH(hn)-representations
by the Stone–von Neumann theorem. We write det for the composite HU (hn)
pr
−→
U(hn)
det
−→ µq+1.
Assume that q is odd. By [Ge´r77, (1) in the proof of Theorem 3.3], the finite special
unitary group SU n(q) is perfect except for (n, q) = (2, 3). Hence, if (n, q) 6= (2, 3), any
character of U(hn) factors through det. Even if (n, q) = (2, 3), any character of U(hn)
does by [Enn63, the table in p.28].
Assume that q is even. By [Ge´r77, (8) in the proof of Theorem 3.3], any character of
U(hn) factors through det except for (n, q) = (2, 2). Further, assume that (n, q) = (2, 2).
By [Ge´r77, (5) in the proof of Theorem 3.3], the unitary group U(F24, h2) is isomorphic
to Z/3Z ×S3. Let sgn: S3 → Q
×
ℓ be the sign character. Then the character group of
U(F24, h2) is generated by det and
χ2 : Z/3Z×S3
pr2−−→ S3
sgn
−−→ Q
×
ℓ
(cf. [Enn63, the table in p.28]).
By Schur’s lemma, there exists a character χ ∈ µ∨q+1 such that
Hnc (Xn,Fq ,Qℓ)[ψ] ≃
{
ρψ,HU (hn) ⊗ (χ ◦ det) if (n, q) 6= (2, 2),
ρψ,HU (hn) ⊗ (χ ◦ det)⊗ χ
j
2 for some 0 ≤ j ≤ 1 if (n, q) = (2, 2).
Let g = diag(ζ1, · · · , ζn) ∈ U(hn) with ζi ∈ µq+1 \ {1}. By the Ku¨nneth formula and
Lemma 1.3, we have
Tr(g;Hnc (Xn,Fq ,Qℓ)[ψ]) = (−1)
n. (1.7)
By Lemma 1.2 and (1.7), we have
(−1)nχ(ζ1 · · · ζn) = Tr ρψ,HU (hn)(g)χ(det(g)) = Tr(g;H
n
c (Xn,Fq ,Qℓ)[ψ]) = (−1)
n.
Hence, we have χ(ζ1 · · · ζn) = 1 for any ζi ∈ µq+1 \ {1}. This implies χ = 1. If
(n, q) = (2, 2), by Lemma 1.2 and Lemma 1.4, we have
−2(−1)j = Tr ρψ,HU (hn)(ι)χ(det(ι))χ2(ι)
j = Tr(ι;Hnc (Xn,Fq ,Qℓ)[ψ]) = −2,
which implies j = 0.
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We give a relation with mod ℓ-cohomology.
Proposition 1.6. (1) Let the notation be as in Lemma 1.3 (2). Then the O-module
Hnc (Xn,Fq ,O)[ψ] is free and H
i
c(Xn,Fq ,O)[ψ] = 0 for i 6= n.
(2) Let the notation be as in Lemma 1.3 (3). Then we have an isomorphism
(Hnc (Xn,Fq ,O)[ψ])⊗O F
∼
−→ Hnc (Xn,Fq ,F)[ψ]
as F[HU (hn)]-modules.
Proof. These assertions follow from the Ku¨nneth formula, and Lemma 1.3 (2) and (3),
respectively.
The Zℓ[HU (hn)]-moduleHnc (Xn,Fq ,Zℓ)[ψ] is an Zℓ[HU (hn)]-lattice inH
n
c (Xn,Fq ,Qℓ)[ψ]
by Proposition 1.6 (1). By Proposition 1.6 (2), the Fℓ[HU (hn)]-module Hnc (Xn,Fq ,Fℓ)[ψ]
is regarded as a mod ℓ version of a Heisenberg–Weil representation of a unitary group.
2 Another construction
We give another construction of the Heisenberg–Weil representation of a finite unitary
group of even degree.
2.1 Cohomology of a surface
Let X be the affine smooth surface over Fq defined by
zq − z = xyq − xqy (2.1)
in A3Fq = SpecFq[x, y, z]. Let F
×
q2 act on X by (x, y, z) 7→ (ζ
−1x, ζqy, z) for ζ ∈ F×q2 .
Let Frq ∈ Gal(Fq/Fq) be the geometric Frobenius automorphism defined by x 7→ xq
−1
for x ∈ Fq. When we consider a closed subscheme of a variety, we suppose that it is
equipped with the reduced scheme structure.
Let F×q2 ⋊ Fr
Z
q be the semi-direct product under the natural action. We sometimes
regard (F×q )
∨ as a subset of (F×q2)
∨. For χ ∈ (F×q2)
∨ ⊂ (F×q )
∨, we define χ˜ ∈ (F×q2 ⋊ Fr
Z
q )
∨
by χ˜(ζ,Frmq ) = χ(ζ) for ζ ∈ F
×
q2 and m ∈ Z. For χ ∈ (F
×
q2)
∨ \ (F×q )
∨, we define
χ˜ ∈ (F×q2 ⋊ Fr
2Z
q )
∨ by χ˜(ζ,Fr2mq ) = χ(ζ) for ζ ∈ F
×
q2 and m ∈ Z, and put
πχ = Ind
F×
q2
⋊FrZq
F×
q2
⋊Fr2Zq
χ˜.
For χ, χ′ ∈ (F×q2)
∨ \ (F×q )
∨, we have πχ ≃ πχ′ if and only if χ and χ
′ are equal in
((F×q2)
∨ \ (F×q )
∨)/FrZq . Let ψ ∈ F
∨
q \ {1} in this section.
Lemma 2.1. We have an isomorphism
H2c (XFq ,Qℓ)(1)[ψ] ≃ 1⊕
⊕
χ∈(F×q )∨
χ˜⊕
⊕
χ∈((F×
q2
)∨\(F×q )∨)/FrZq
πχ
as F×q2 ⋊ Fr
Z
q -representations.
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Proof. By changing a variable as w = z + xyq in (2.1), the surface X is defined by
wq − w = xq(yq
2
− y). Let S be the surface defined by wq − w = x(yq
2
− y). We have
the finite purely inseparable map X → S; (w, x, y) 7→ (w, xq, y). Hence we have an
isomorphism H2c (XFq ,Qℓ) ≃ H
2
c (SFq ,Qℓ).
Let π : A2F
q2
→ A2F
q2
; (x, y) 7→ (x, yq
2
− y). Let ψ ∈ F∨q \ {1}. For any ψ
′ ∈ F∨q2 , there
exists an element α ∈ Fq2 such that ψ′(x) = ψ(TrF
q2
/Fq(αx)) for any x ∈ Fq2. We have
isomorphisms
H2c (SFq ,Qℓ)[ψ] ≃ H
2
c (A
2,Lψ(x(y
q2 − y)) = H2c (A
2, π∗Lψ(xy))
≃ H2c (A
2, π∗π
∗
Lψ(xy)) ≃ H
2
c (A
2,Lψ(xy)⊗ π∗Qℓ)
≃
⊕
ψ′∈F∨
q2
H2c (A
2,Lψ(xy)⊗Lψ′(y)) ≃
⊕
α∈F
q2
H2c (A
2,Lψ((x+ α)y)),
where we use the projection formula at the fourth isomorphism. Let Fψ denote the
ℓ-adic Fourier transformation on A1 associated to ψ in [Lau87, De´finition (1.2.1.1)]. By
[Lau87, Proposition (1.2.2.2)], we have
H2c (A
2,Lψ((x+ α)y)) ≃ H
2
c (A
2,Lψ(xy)) ≃ H
1
c (A
1,Fψ(Qℓ)) ≃ Qℓ(−1).
Hence, we obtain the claim.
2.2 Another construction
Let n be a positive integer. Let V = F2nq . We consider the skew-hermitian form on
VF
q2
= F2nq2 defined by
h′ : VF
q2
× VF
q2
→ Fq2; ((vk), (v
′
k)) 7→
n∑
k=1
(
vqkv
′
n+k − v
q
n+kv
′
k
)
. (2.2)
Let X ′2n be the affine smooth variety over Fq defined by
z − zq =
n∑
k=1
(xqkxn+k − x
q
n+kxk)
in A2n+1Fq = SpecFq[x1, . . . , x2n, z]. The group H(VFq2 , h
′) acts on X ′2n by
X ′2n → X
′
2n; ((xk), z) 7→
(
(xk + vk), z + a+
n∑
k=1
(vqkxn+k − v
q
n+kxk)
)
for (v, a) ∈ H(VF
q2
, h′). The group U(VF
q2
, h′) acts on X ′2n by (x, z) 7→ (gx, z) for
g ∈ U(VF
q2
, h′), where we regard x = (xk) as a column vector. Hence, HU (h
′) acts on
X ′2n. Let Fq act on X
′
2n by z 7→ z + a for a ∈ Fq.
Remark 2.2. Let h2n be the hermitian form on VF
q2
= F2nq2 defined in (1.4). Take
ξ ∈ Fq2 such that ξq−1 = −1. Then we have an isomorphism f : (VFq2 , ξh2n)→ (VFq2 , h
′)
as skew-hermitian forms. This induces isomorphisms H(VF
q2
, ξh2n) ≃ H(VF
q2
, h′) and
U(VF
q2
, ξh2n) ≃ U(VF
q2
, h′) by Remark 1.1. Further, f and z 7→ ξz gives an isomor-
phism X2n ≃ X
′
2n,F
q2
over Fq2, which is compatible with group actions under the above
isomorphisms.
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Lemma 2.3. (1) We haveH ic(X
′
2n,Fq
,Qℓ)[ψ] = 0 for i 6= 2n and dimH
2n
c (X
′
2n,Fq
,Qℓ)[ψ] =
q2n.
(2) We have an isomorphismH2nc (X
′
2n,Fq
,Qℓ)[ψ] ≃ ρψ,HU (h′) as HU (h
′)-representations.
Proof. These follow from Theorem 1.5 and Remark 2.2.
3 Relation with Fermat variety
3.1 Unipotent representations of unitary group
Let n be a positive integer. We follow [HM78, §1]. Let Gn denote a general linear group
GLn over Fq. We consider the Frobenius endomorphism F : Gn → Gn; (xi,j) 7→ (x
q
j,i)
−1.
Let Un be the unitary algebraic group over Fq defined by hn. Then we have GFn =
Un(Fq) = U(hn).
Let T0 denote the F -stable maximal torus of Gn consisting of diagonal matrices.
We set Wn = NGn(T0)/T0. Let Tn denote the set of G
F
n -conjugacy classes of F -stable
maximal tori. The conjugacy classes of Wn is identified with Tn by x
−1F (x) 7→ xT0x
−1
for x−1F (x) ∈ Wn. The Weyl group Wn is isomorphic to the symmetric group Sn.
The set of conjugacy classes of Sn is identified with the set of partitions of n, which we
denote by Λn. We have the natural bijection
Λn
∼
−→ Tn; ρ 7→ T (ρ)
such that T ((1n)) = T0.
Let T ∈ Tn and θ ∈ (T
F )∨. Let RGnT (θ) denote the Deligne–Lusztig character in
the notation of [Lus76, p.204] and [Lus78, Corollary 2.4]. Let χλ denote the irreducible
character of Sn corresponding to λ ∈ Λn, and let χ
λ
ρ denote the value of χ
λ at the class
corresponding to ρ ∈ Λn. Let zρ be the cardinality of the centralizer of the class in Sn
corresponding to ρ. For λ ∈ Λn, we define a class function ψ
λ on GFn by
ψλ =
∑
ρ∈Λn
χλρ
zρ
RGnT (ρ)(1). (3.1)
We follow the definition of unipotency in [DL76, Definition 7.8]. By [LS77, Theorem
2.2], the set {ψλ}λ∈Λn equals the set of all unipotent characters of G
F
n .
3.2 Geometric relation
Let π be as in (1.5). We put U = π−1(Gm,Fq) and Z = π
−1(0). Then UF
q2
and Z admit
left actions induced by the natural action of Un(Fq) on AnF
q2
. Let Lψ be as in §1.2. In
this section, all maps between Un(Fq)-representations are Un(Fq)-equivariant.
Lemma 3.1. We have a long exact sequence
0→ Hn−1c (ZFq ,Qℓ)→ H
n
c (UFq , π
∗
Lψ)→ H
n
c (A
n, π∗Lψ)→ H
n
c (ZFq ,Qℓ)
δ
−→ Hn+1c (UFq , π
∗
Lψ)→ 0.
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Proof. We have H ic(A
n, π∗Lψ) = 0 for i 6= n by Theorem 1.5 and the Ku¨nneth formula.
We have (π∗Lψ)|Z = Qℓ. Hence the assertion follows.
Lemma 3.2. For χ ∈ µ∨q+1, the Un(Fq)-representation H
n
c (A
n, π∗Lψ)[χ] is irreducible,
and we have
dimHnc (A
n, π∗Lψ)[χ] =

qn + (−1)nq
q + 1
if χ = 1,
qn − (−1)n
q + 1
if χ 6= 1.
Proof. The assertion follows from Theorem 1.5 and [Ge´r77, Corollary 4.5(a) and its
proof].
Let Sn be the Fermat variety defined by
∑n
i=1 x
q+1
i = 0 in P
n−1
Fq . Let Yn = P
n−1
Fq \ Sn.
Let Un(Fq) act on P
n−1
F
q2
by usual left multiplication. Then Sn,F
q2
is stable under the
action.
Let Y˜n be the affine smooth variety defined by
∑n
i=1 y
q+1
i = 1 in A
n
Fq . Let fYn : Y˜n →
Yn; (yi)1≤i≤n 7→ [y1 : · · · : yn]. For χ ∈ µ
∨
q+1, let K
′
χ denote the smooth Qℓ-sheaf on
Yn,F
q2
associated to fYn and χ
−1.
Lemma 3.3. We have an isomorphism H ic(UFq , π
∗Lψ)[χ] ≃ H
i−1
c (Yn,Fq ,K
′
χ) for χ ∈
µ∨q+1 and any integer i.
Proof. We consider the affine smooth variety
U˜ =
{
((xi)1≤i≤n, t) ∈ A
n
Fq ×Gm,Fq
∣∣∣∣∣
n∑
i=1
xq+1i = t
q+1
}
over Fq. The space U˜F
q2
admits a left action induced by the natural action of Un(Fq) on
AnF
q2
. Let µ2q+1 act on U˜Fq2 by
(ζ1, ζ2) : U˜F
q2
→ U˜F
q2
; ((xi)1≤i≤n, t) 7→ ((ζ1xi)1≤i≤n, ζ2t)
for (ζ1, ζ2) ∈ µ
2
q+1. Clearly, the action of µ
2
q+1 on U˜Fq2 is free. We have a natural
identification
U =
{
((xi)1≤i≤n, s) ∈ A
n
Fq ×Gm,Fq
∣∣∣∣∣
n∑
i=1
xq+1i = s
}
.
We have the morphism
fU : U˜ → U ; ((xi)1≤i≤n, t) 7→
(
(xi)1≤i≤n, t
q+1
)
.
We put H = {(1, ζ) ∈ µ2q+1 | ζ ∈ µq+1}. Then fU is an H-torsor over Fq2 .
Let fGm : Gm,Fq → Gm,Fq ; t 7→ t
q+1. We have an isomorphism
ϕ˜ : U˜
∼
−→ Y˜n ×Gm,Fq ; ((xi)1≤i≤n, t) 7→ ((xi/t)1≤i≤n, t).
Let µ2q+1 act on Y˜n,Fq2 ×Gm,Fq2 by
(ζ1, ζ2) : Y˜n,F
q2
×Gm,F
q2
→ Y˜n,F
q2
×Gm,F
q2
; ((yi)1≤i≤n, t) 7→ ((ζ1yi)1≤i≤n, ζ2t) (3.2)
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for (ζ1, ζ2) ∈ µ
2
q+1. The morphism ϕ˜ is compatible with φ : µ
2
q+1
∼
−→ µ2q+1; (ζ1, ζ2) 7→
(ζ1/ζ2, ζ2) in the sense that ϕ˜(gx) = φ(g)ϕ˜(x) for x ∈ U˜F
q2
and g ∈ µ2q+1. The isomor-
phism ϕ˜ induces an isomorphism
ϕ : UF
q2
= U˜F
q2
/H
∼
−→ (Y˜n,F
q2
×Gm,F
q2
)/φ(H)
compatible with the isomorphism µ2q+1/H
∼
−→ µ2q+1/φ(H) induced by φ. By taking the
quotients of the both sides of ϕ by µ2q+1/H and µ
2
q+1/φ(H), we obtain an isomorphism
ϕ : UF
q2
/µq+1
∼
−→ Yn,F
q2
×Gm,F
q2
. Let
pr1 : Yn,Fq2 ×Gm,Fq2 → Yn,Fq2 , pr2 : Yn,Fq2 ×Gm,Fq2 → Gm,Fq2
be the first projection and the second projection respectively. We have the commutative
diagram
U˜F
q2
fU

ϕ˜ // Y˜n,F
q2
×Gm,F
q2
can.

fYn×fGm
tt
UF
q2
can.

ϕ //
π
&&
(Y˜n,F
q2
×Gm,F
q2
)/φ(H)
f ′

UF
q2
/µq+1
ϕ //
pr2◦ϕ

Yn,F
q2
×Gm,F
q2
pr2
uu❧❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
Gm,F
q2
,
where f ′ is a morphism induced by fYn × fGm .
For smooth Qℓ-sheaves F on Yn,Fq2 and G on Gm,Fq2 , let F ⊠ G denote the sheaf
pr∗1F ⊗ pr
∗
2G on Yn,Fq2 × Gm,Fq2 . Let Kχ be as in §1.2. We identify as µq+1
∼
−→
µ2q+1/φ(H); ζ 7→ (ζ, 1). We have
f ′∗Qℓ =
(
(fYn × fGm)∗Qℓ
)φ(H)
≃
⊕
χ∈µ∨q+1
K
′
χ ⊠Kχ−1 .
Let K ′′χ denote the smooth Qℓ-sheaf on UFq2/µq+1 associated to χ
−1 and the µq+1-torsor
UF
q2
→ UF
q2
/µq+1. We identify as µq+1 ≃ µ
2
q+1/H ; ζ 7→ (ζ, 1). We have K
′′
χ ≃
ϕ∗
(
K ′χ ⊠Kχ−1
)
. By the Ku¨nneth formula and (1.3), we have isomorphisms
H ic(UFq , π
∗
Lψ)[χ] ≃ H
i
c(UFq/µq+1,K
′′
χ ⊗ (pr2 ◦ ϕ)
∗
Lψ)
≃ H ic(UFq/µq+1, ϕ
∗(K ′χ ⊠ (Kχ−1 ⊗Lψ)))
≃ H ic(Yn,Fq ×Gm,K
′
χ ⊠ (Kχ−1 ⊗Lψ))
≃ H i−1c (Yn,Fq ,K
′
χ)⊗H
1
c (Gm,Kχ−1 ⊗Lψ) ≃ H
i−1
c (Yn,Fq ,K
′
χ)
as Un(Fq)-representations.
We study the cohomology of ZFq . Let Z
0 ⊂ Z be the open subscheme defined by
(x1, . . . , xn) 6= 0 = (0, · · · , 0). Now, we regard Z
0 as a closed subscheme of AnFq \ {0}.
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The morphism AnFq \ {0} → P
n−1
Fq ; (xi)1≤i≤n 7→ [x1 : · · · : xn] is a Gm,Fq-bundle. By
restricting this to Z0, we have a Gm,Fq-bundle
π0 : Z
0 → Sn; (xi)1≤i≤n 7→ [x1 : · · · : xn].
The morphism π0 factors as
Z0F
q2
f
Z0−−→ Z0F
q2
/µq+1
π0−→ Sn,F
q2
over Fq2 .
Lemma 3.4. (1) We have the spectral sequence
Ea,b2 = H
a(Sn,Fq , R
bπ0,!Qℓ)⇒ E
a+b = Ha+bc (Z
0
Fq
,Qℓ). (3.3)
(2) We have
Rbπ0,!Qℓ ≃

Qℓ if b = 1,
Qℓ(−1) if b = 2,
0 if b 6= 1, 2.
(3) We have H ic(Z
0
Fq
,Qℓ)[1] ≃ H
i
c(Z
0
Fq
,Qℓ) for any i.
Proof. Since the morphism π0 is a Gm-bundle, we have the second assertion.
We show the first assertion. We have the Leray spectral sequence
Ea,b2 = H
a(Sn,Fq , R
bπ0,!Qℓ)⇒ E
a+b = Ha+bc (Z
0
Fq
,Qℓ).
For χ ∈ µ∨q+1, let K
0
χ denote the smooth Qℓ-sheaf on Z
0
F
q2
/µq+1 associated to the finite
Galois e´tale covering fZ0 and χ
−1. We have fZ0,!Qℓ ≃
⊕
χ∈µ∨q+1
K 0χ . We have Rπ0,!K
0
χ =
0 for χ ∈ µ∨q+1\{1} by [Del77, The´ore`me 2.7 in Sommes trig.]. Hence we have R
bπ0,!Qℓ ≃
Rbπ0,!(fZ0,!Qℓ) ≃ R
bπ0,!Qℓ for any b. Hence the first claim follows. The third assertion
follows from the proof of the first one.
Lemma 3.5. We have H ic(ZFq ,Qℓ)[1] ≃ H
i
c(ZFq ,Qℓ) for any i.
Proof. We have an exact sequence
0→ H0c (ZFq ,Qℓ)→ H
0
c ({0}Fq ,Qℓ)→ H
1
c (Z
0
Fq
,Qℓ)→ H
1
c (ZFq ,Qℓ)→ 0 (3.4)
and an isomorphism
H ic(Z
0
Fq
,Qℓ)
∼
−→ H ic(ZFq ,Qℓ) (3.5)
for i ≥ 2. Hence the assertion follows from Lemma 3.4 (3).
Corollary 3.6. Let χ ∈ µ∨q+1 \ {1}. We have an isomorphism
H ic(UFq , π
∗
Lψ)[χ] ≃ H
i
c(A
n, π∗Lψ)[χ]
for any i. Furthermore, if i 6= n, this is isomorphic to zero.
12
Proof. The former claim follows from Lemma 3.1 and Lemma 3.5. The latter claim
follows form Theorem 1.5.
Lemma 3.7. (1) We have an isomorphism
Hn−1c (ZFq ,Qℓ)
∼
−→ Hnc (UFq , π
∗
Lψ)[1].
(2) Assume that n ≥ 2. We have an isomorphism
Hnc (A
n, π∗Lψ)[1]
∼
−→ Hn−1c (Yn,Fq ,Qℓ(−1)).
Proof. By Lemma 3.3, we have an isomorphism
Hnc (UFq , π
∗
Lψ)[1] ≃ H
n−1
c (Yn,Fq ,Qℓ). (3.6)
Let φn be the unipotent representation of Un(Fq) corresponding to the partition (n−1, 1)
of n (cf. §3.1). By [HM78, the proof of Theorem 1], we have
Hn−1c (Yn,Fq ,Qℓ) ≃ φn. (3.7)
Note that differentials between E2-terms of (3.3) are zero except
dm−2,22 : E
m−2,2
2 = H
m−2(Sn,Fq ,Qℓ(−1))→ E
m,1
2 = H
m(Sn,Fq ,Qℓ)
for m ∈ Z.
We show the first assertion. We have Hn−1c (ZFq ,Qℓ) 6= 0 by Lemma 3.4, (3.4), (3.5)
and [HM78, Theorem 1]. By (3.6) and (3.7), the Un(Fq)-representation Hnc (UFq , π
∗Lψ)[1]
is irreducible. Hence the former isomorphism follows from Lemma 3.1 and Lemma 3.5.
We show the second assertion. By Lemma 3.3, we have isomorphisms
Hn+1c (UFq , π
∗
Lψ)[1] ≃ H
n
c (Yn,Fq ,Qℓ) ≃
{
0 if n ≥ 3,
Qℓ(−1) if n = 2,
(3.8)
where we use [HM78, the last line in p.257] if n ≥ 3. By the first assertion and Lemma
3.1, we have an isomorphism
Hnc (A
n, π∗Lψ)[1]
∼
−→ Ker(δ : Hnc (ZFq ,Qℓ)→ H
n+1
c (UFq , π
∗
Lψ)[1]). (3.9)
Consider the composite
Hnc (A
n, π∗Lψ)[1]→ H
n
c (ZFq ,Qℓ) ≃ H
n
c (Z
0
Fq
,Qℓ)
→ Hn−2(Sn,Fq ,Qℓ(−1))→ H
n−1
c (Yn,Fq ,Qℓ(−1))
(3.10)
where the third morphism is induced by the spectral sequence (3.3) and the last mor-
phism is as in [HM78, (i),(ii) in p.258]. Then the kernels of the morphisms in (3.10) are
direct sums of trivial Un(Fq)-representations by (3.9) and [HM78, Theorem 1 and (i),(ii)
in p.258]. On the other hand, the source and the target of (3.10) are irreducible and
non-trivial by Lemma 3.2 and (3.7). Therefore (3.10) is an isomorphism.
Proposition 3.8. For χ ∈ µ∨q+1, we have
Hnc (Xn,Fq ,Qℓ)[ψ][χ] =
{
(−1)n−1
∑
i≥0(−1)
iH ic(Yn,Fq ,K
′
χ) if χ 6= 1,
(−1)n(1−
∑
i≥0(−1)
iH ic(Yn,Fq ,Qℓ)) if χ = 1
as representations of Un(Fq).
Proof. If χ 6= 1, the claim follows from (1.6), Lemma 3.3 and Corollary 3.6. If χ = 1
and n = 1, the claim is trivial. If χ = 1 and n ≥ 2, the claim follows from (1.6), Lemma
3.7 (2) and the fact that H ic(Yn,Fq ,Qℓ) = 0 if i 6= n − 1, 2(n − 1) (cf. [HM78, Proof of
Theorem 1]).
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4 Lusztig induction
We recall Lusztig induction in [Lus76]. Let G be a connected reductive group defined over
Fq with an Fq-rational structure. Let F be the corresponding Frobenius endomorphism
on G.
Let P be a parabolic subgroup of G, and M be a Levi subgroup of P . Assume that
M is F -stable. We put
Y˜P = {g ∈ G | g
−1F (g) ∈ F (UP )}.
Let GF ×MF act on Y˜P by Y˜P → Y˜P ; x 7→ gxg
′−1 for (g, g′) ∈ GF ×MF . We set
YP =
{
g ∈ G | g−1F (g) ∈ F (P )
}
/M.
The morphism
πP : Y˜P → YP
given by g 7→ gM is known to be an MF -torsor (cf. [DM14, §7.3]). We give a proof of
it.
Lemma 4.1. The morphism π is an MF -torsor.
Proof. Let X = {g ∈ G | g−1F (g) ∈ F (P )}. We regard S˜ as a closed subscheme of
X . We consider the morphisms φ′ : F (UP ) × M → F (P ); (u,m) 7→ m
−1uF (m) and
φ : Y˜ ×M → X ; (g,m) 7→ gm. Let L : G → G; g 7→ g−1F (g). We have the cartesian
diagram
Y˜P ×M
φ //
L×1

X
L

F (UP )×M
φ′ // F (P ).
We consider the morphisms
φ1 : F (UP )×M → F (UP )×M ; (u,m) 7→ (m
−1um,m),
φ2 : F (UP )×M → F (UP )×M ; (u,m) 7→ (u,m
−1F (m)),
φ3 : F (UP )×M → F (P ); (u,m) 7→ um.
We can easily check φ′ = φ3 ◦ φ2 ◦ φ1. The morphisms φi for i = 1, 3 are isomorphisms.
The morphism φ2 is an M
F -torsor. Hence, φ is an MF -torsor. By taking the quotient
of φ by M , we obtain the claim.
For a representation ρ of MF , we consider a virtual GFn -module
RGM⊂P (ρ) =
∑
i
(−1)i(H ic(Y˜P ,Qℓ)⊗ ρ)
MF
which is introduced in [Lus76, p.203].
Assume that M = P ∩ F (P ). Then we have
YP =
{
g ∈ G | g−1F (g) ∈ F (P )
}
/(P ∩ F (P )) =
{
gP ∈ G/P | g−1F (g) ∈ PF (P )
}
.
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Assume that M = T ×M ′ as algebraic groups over Fq. Let χ ∈ (T F )∨. Let KYP ,χ be
the smooth Qℓ-sheaf on YP associated to χ
−1 under the natural projection MF → T F .
We have
RGM⊂P (χ⊗ 1) =
∑
i
(−1)iH ic(Y˜P ,Qℓ)[χ
−1 ⊗ 1]
=
∑
i
(−1)iH ic
(
Y˜P/M
′F ,Qℓ
)
[χ−1] =
∑
i
(−1)iH ic(YP ,KYP ,χ).
(4.1)
By [DL76, Corollary 7.14], we have
1 =
∑
(T ′)⊂M ′
1
|W (T ′)F |
RM
′
T ′ (1)
as characters of M ′F . We have
χ⊗ 1 =
∑
(T ′)⊂M ′
1
|W (T ′)F |
RMT×T ′(χ⊗ 1)
as characters of MF . By applying RGM⊂P to this, we have
RGM⊂P (χ⊗ 1) =
∑
(T ′)⊂M ′
1
|W (T ′)F |
RGT×T ′(χ⊗ 1) (4.2)
as characters of GF by [Lus76, Corollary 5]. Therefore we have∑
i
(−1)iH ic(YP ,KYP ,χ) =
∑
(T ′)⊂M ′
1
|W (T ′)F |
RGT×T ′(χ⊗ 1). (4.3)
5 Unitary group
5.1 Unipotency
We use notation in Subsection 3.1. Let P ⊂ Gn be the parabolic subgroup consisting of
matrices (xi,j) such that xi,1 = 0 for 2 ≤ i ≤ n. Let M be the F -stable Levi subgroup
of P . Note that P is not stable by F . We have M ≃ G1 × Gn−1 diagonally embedded
in Gn. We have G
F
n = Un(Fq) and M
F = U1(Fq)× Un−1(Fq).
For x = (xi,j) ∈ Y˜P , we have
∑n
i=1 x
q+1
i,1 = 1 by F
−1(x)x ∈ F (UP ). Hence,
we have the morphism π˜n : Y˜P → Y˜n,Fq ; x 7→ (xi,1)1≤i≤n. This induces a morphism
ϕ˜n : Y˜P/Un−1(Fq) → Y˜n,Fq . We have an identification Y˜P/M
F ≃ YP by Lemma 4.1. As
shown in [HM78, p.259], π˜n induces an isomorphism ϕn : YP ≃ Y˜P/M
F ∼−→ Yn,Fq . We
have the commutative diagram
Y˜P

π˜n
%%▲▲
▲
▲▲
▲
▲
▲
▲▲
▲
▲
Y˜P/Un−1(Fq) ϕ˜n
//
fYP

Y˜n,Fq
fYn

YP ϕn
// Yn,Fq
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where the vertical morphisms are natural ones. Since fYP and fYn are µq+1-torsors and
ϕn is an isomorphism, ϕ˜n is also an isomorphism.
Proposition 5.1. We have
Hnc (Xn,Fq ,Qℓ)[ψ][χ] =
{
(−1)n−1RGnM⊂P (χ⊗ 1) if χ ∈ µ
∨
q+1 \ {1},
(−1)n(1−RGnM⊂P (1)) if χ = 1
as characters of GFn .
Proof. Since ϕ˜n is an isomorphism, the claim follows from Proposition 3.8 and (4.1).
In the sequel, we write ωUn for ωU(Fn
q2
,hn). We give a geometric proof of the following
fact using a relation between Xn and a certain Deligne–Lusztig variety.
Corollary 5.2. The Un(Fq)-representation ωUn[1] is unipotent. For each χ ∈ µ
∨
q+1 \{1},
the Un(Fq)-representation ωUn[χ] is not unipotent.
Proof. The claim follows from (4.2) and Proposition 5.1 (cf. [DL76, the sentence after
Definition 7.8]).
Remark 5.3. This is a special case of the preservation of unipotency under the Howe
correspondence for a unitary pair, which is proved in [AM93] if q is odd and large enough.
The assumption on q is necessary in [AM93], since the proof depends on [Sri79].
Remark 5.4. Let ǫG be the Fq-rank of a linear algebraic group G over Fq. For any
integer m ≥ 1, let mp be the largest power of p dividing m and mp′ = m/mp. We
go back to our situation. We have ǫGn = [n/2] (cf. [DM91, §15.1]). Hence, we have
ǫGnǫM = (−1)
n−1. By [DM91, Proposition 12.17], we have
dimRGnM⊂P (χ⊗ 1) = ǫGnǫM
|GFn |p′
|MF |p′
= (−1)n−1
qn − (−1)n
q + 1
for any χ ∈ µ∨q+1. This is compatible with Lemma 3.2 and Proposition 5.1.
5.2 Branching formula
We consider the embedding ι : Un →֒ Un+1; g 7→ diag(g, 1). Let χ ∈ µ
∨
q+1. We regard the
Un+1(Fq)-representation ωUn+1[χ] as a Un(Fq)-representation by ι. We give a geometric
proof of the following branching formula (cf. [Tie97, Lemma 4.4] in SU n case).
Proposition 5.5. Let χ ∈ µ∨q+1. We have a decomposition
ωUn+1 [χ]|Un(Fq) =
⊕
χ′∈µ∨q+1\{χ}
ωUn [χ
′]
as Un(Fq)-representations.
Proof. The assertion follows from Lemma 1.3 (1) and the Ku¨nneth formula.
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6 Symplectic orthogonal pair
6.1 Representation of a dual pair
6.1.1 Construction
Let ω be a symplectic form on V obtained by the restriction of h′ to V . By regarding
VF
q2
as a vector space over Fq, we consider the symplectic form associated to h′:
ω′ : VF
q2
× VF
q2
→ Fq; (v, v
′) 7→ TrF
q2
/Fq(h
′(v, v′)).
Let Sp(V, ω) and Sp(VF
q2
, ω′) be the isometry groups of (V, ω) and (VF
q2
, ω′), respectively.
We have Sp(V, ω) ⊂ U(VF
q2
, h′) ⊂ Sp(VF
q2
, ω′).
We put W = Fq2. Let h1 : W × W → Fq2 ; (x, y) 7→ xqy. We have U(W,h1) =
µq+1. Under the natural isomorphism V ⊗Fq W ≃ VFq2 , the skew-hermitian form ω ⊗ h1
corresponds to h′. This induces a morphism
Sp(V, ω)× U(W,h1) →֒ U(VF
q2
, h′). (6.1)
We have natural actions of Gal(Fq2/Fq) ≃ Z/2Z on U(W,h1) and U(VFq2 , h
′). Then
the homomorphism (6.1) extends naturally to
Sp(V,ω)× (U(W,h1)⋊ (Z/2Z)) →֒ U(VF
q2
, h′)⋊ (Z/2Z).
The Fq-automorphism F : VF
q2
→ VF
q2
; (vi) 7→ (v
q
i ) preserves ω
′. We regard this as an
element of Sp(VF
q2
, ω′). Then we have the injective homomorphism
U(VF
q2
, h′)⋊ (Z/2Z) →֒ Sp(VF
q2
, ω′); (g, k) 7→ gF k. (6.2)
Let ψ ∈ F∨q \ {1}. Let Z/2Z act on H
2n
c (X
′
2n,Fq
,Qℓ)(n)[ψ] by
Frkq : H
2n
c (X
′
2n,Fq
,Qℓ)(n)[ψ]→ H
2n
c (X
′
2n,Fq
,Qℓ)(n)[ψ]
for k ∈ Z/2Z, which is well-defined by Lemma 2.1. By the natural action of Gal(Fq2/Fq)
on VF
q2
and Fq2, we have a natural action of Gal(Fq2/Fq) ≃ Z/2Z on HU (h′). We write
πψ,h′ for the HU (h
′)⋊ (Z/2Z)-representation H2nc (X
′
2n,Fq
,Qℓ)(n)[ψ]. Then the action of
1 ∈ Z/2Z induces an isomorphism between πψ,h′[χ] and πψ,h′[χ−1] for χ ∈ µ∨q+1 \ {1}.
We consider the quadratic form Q : W → Fq; x 7→ xq+1. We set
O(W,Q) = {f ∈ AutFq(W ) | Q(f(w)) = Q(w) for w ∈ W}.
Since Q(x) = h1(x, x), we have a natural inclusion U(W,h1) →֒ O(W,Q). We regard
FW : W →W ; x 7→ x as an element of O(W,Q). Then we have the isomorphism
U(W,h1)⋊ (Z/2Z)
∼
−→ O(W,Q); (ξ, i) 7→ ξF iW ,
since O(W,Q) is isomorphic to the dihedral group D2(q+1) by [KL90, Proposition 2.9.1].
We identify U(W,h1)⋊ (Z/2Z) with O(W,Q) by the above isomorphism.
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We consider the symmetric form s1 : W ×W → Fq; (x, y) 7→ TrF
q2
/Fq(h1(x, y)). Note
that
Q(x+ y)−Q(x)−Q(y) = s1(x, y) for x, y ∈ W.
Hence, we have the natural map O(W,Q) →֒ O(W, s1), which is an isomorphism if q is
odd. We have a natural homomorphism Sp(V, ω)×O(W, s1)→ Sp(VF
q2
, ω′), since ω⊗s1
corresponds to ω′ under the natural isomorphism V ⊗Fq W ≃ VFq2 . We consider the
composite
Sp(V, ω)× O(W,Q) →֒ Sp(V, ω)×O(W, s1) →֒ Sp(VF
q2
, ω′).
By the construction, we obtain a commutative diagram
Sp(V, ω)× O(W,Q) // Sp(VF
q2
, ω′)
Sp(V, ω)× (U(W,h1)⋊ (Z/2Z)) // U(VF
q2
, h′)⋊ (Z/2Z),
OO
(6.3)
where the going up arrows are natural homomorphisms. We put
ωSpO ,n = πψ,h′|Sp(V,ω)×O(W,Q).
For a character χ0 ∈ µ
∨
q+1 such that χ
2
0 = 1, the χ0-isotypic part ωSpO ,n[χ0] is stable
under the action of Z/2Z. For κ ∈ {±1}, let ωSpO ,n[χ0]κ denote the κ-eigenspace of
1 ∈ Z/2Z on ωSpO ,n[χ0]. Let ν be the quadratic character of µq+1 if p 6= 2.
Lemma 6.1. (1) Assume that p = 2. We have
dimωSpO ,n[1]
κ =
(qn − 1)(qn − q)
2(q + 1)
+
1 + κ
2
qn, dimωSpO ,n[χ] =
q2n − 1
q + 1
for κ ∈ {±1} and χ ∈ µ∨q+1 \ {1}.
(2) Assume that p 6= 2. We have
dimωSpO ,n[1]
κ =
(qn − 1)(qn − q)
2(q + 1)
+
1 + κ
2
qn,
dimωSpO ,n[ν]
κ =
q2n − 1
2(q + 1)
, dimωSpO ,n[χ] =
q2n − 1
q + 1
for κ ∈ {±1} and χ ∈ µ∨q+1 \ {1, ν}.
Proof. We set an,χ = dimωSpO ,n[χ] for χ ∈ µ
∨
q+1. We have a µq+1-equivariant isomor-
phism X2n,F
q2
≃ X ′2n,F
q2
. Hence, we have
an,χ =

q2n + q
q + 1
if χ = 1,
q2n − 1
q + 1
if χ ∈ µ∨q+1 \ {1}
(6.4)
by Lemma 3.2.
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Let
A =
{
(χk)1≤k≤n ∈ (µ
∨
q+1)
n
∣∣∣∣ n∏
k=1
χk = 1
}
.
Let 1 ∈ A denote the element (χk)1≤k≤n with χk = 1 for any 1 ≤ k ≤ n. For each
(χk)1≤k≤n ∈ A, let V(χk)1≤k≤n denote the subspace
⊗n
k=1 ωSpO ,1[χk] ⊂ ωSpO ,n[1]. By
Lemma 2.1, we have dimωSpO ,1[1] = q and the action of Z/2Z on ωSpO ,1[1] is trivial.
Further, if p 6= 2, the dimensions of the 1-eigenspace and the (−1)-eigenspace in ωSpO ,1[ν]
are same by Lemma 2.1. Therefore, we have dimV1 = q
n and the action of Z/2Z on
V1 is trivial. Further, the dimensions of the 1-eigenspace and the (−1)-eigenspace in⊕
(χk)1≤i≤n∈A\{1}
V(χk)1≤k≤n are same. Hence, the dimension of ωSpO ,n[1]
κ equals
an,1 + κ dimV1
2
=
1
2
(
q2n + q
q + 1
+ κqn
)
=
(qn − 1)(qn − q)
2(q + 1)
+
1 + κ
2
qn.
The second equality in the claim (2) is proved similarly.
6.1.2 Compatibility
If p is odd, we can construct a representation of the dual pair Sp(V, ω)×O(W,Q) as the
restriction of Weil representation of Sp(VF
q2
, ω′). We show that two constructions are
compatible. We assume that p is odd in this paragraph. We put
H(VF
q2
, ω′) = VF
q2
× Fq
with multiplication
(v, a)(v′, a′) =
(
v + v′, a+ a′ +
1
2
ω′(v, v′)
)
.
Then, Sp(VF
q2
, ω′) acts on H(VF
q2
, ω′) by g : (v, a) 7→ (gv, a) for g ∈ Sp(VF
q2
, ω′) and
(v, a) ∈ H(VF
q2
, ω′). We put
HSp(ω′) = H(VF
q2
, ω′)⋊ Sp(VF
q2
, ω′).
Let ρψ,HSp(ω′) be the Heisenberg–Weil representation of HSp(ω
′) associated to ψ (cf.
[GH07, 2.2]). We write ρψ,Sp(ω′) for the restriction of ρψ,HSp(ω′) to Sp(VF
q2
, ω′). The
representation ρψ,Sp(ω′) is called the Weil representation of Sp(VF
q2
, ω′) associated to ψ.
We put
HSpU (h′) = H(VF
q2
, h′)⋊ (Sp(V, ω)× U(W,h1)).
Note that we have an isomorphism
H(VF
q2
, h′)
∼
−→ H(VF
q2
, ω′); (v, a) 7→
(
v, a−
1
2
h′(v, v)
)
.
We have a commutative diagram
HSpU (h′)⋊ (Z/2Z) // HU (h′)⋊ (Z/2Z) // HSp(ω′)
HSpU (h′) //
OO
HU (h′).
OO
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Let F ∈ Sp(VF
q2
, ω′) be the q-th power Frobenius. Then F takes ρψ,Sp(ω′)[χ] isomorphi-
cally to ρψ,Sp(ω′)[χ
−1] for χ ∈ µ∨q+1. Let χ ∈ µ
∨
q+1 such that χ
2 = 1. For κ ∈ {±1}, let
ρψ,Sp(ω′)[χ]
κ denote the κ-eigenspace of F on ρψ,Sp(ω′)[χ].
Lemma 6.2. We have Tr ρψ,Sp(ω′)(F ) = q
n.
Proof. This is proved in just the same way as [Des08, Lemma 2.1].
Lemma 6.3. The restriction ρψ,HSp(ω′)|HU (h′) is isomorphic to ρψ,HU (h′) ⊗ (ν ◦ det).
Proof. This follows from [Ge´r77, Theorem 3.3(a”)] and Lemma 1.2.
Proposition 6.4. We have an isomorphism ρψ,Sp(ω′)|Sp(V,ω)×O(W,Q) ≃ ωSpO ,n.
Proof. By Lemma 6.3, the restriction ρψ,HSp(ω′)|HSpU (h′) is isomorphic to πψ,h′ |HSpU (h′).
Hence there exists a character η ∈ (Z/2Z)∨ such that
ρψ,HSp(ω′)|HSpU (h′)⋊(Z/2Z) ≃ πψ,h′ |HSpU (h′)⋊(Z/2Z) ⊗ η
by Schur’s lemma. By Lemma 6.1 (2) and Lemma 6.2, we have η = 1.
6.2 Howe correspondence
Let IrrO(W,Q) be the set of isomorphism classes of irreducible representations ofO(W,Q)
over Qℓ. For σ ∈ IrrO(W,Q), we put
Θn(σ) = HomO(W,Q)(σ, ωSpO ,n)
as an Sp(V, ω)-representation. We call σ 7→ Θn(σ) the Howe correspondence for Sp(V, ω)×
O(W,Q). This is compatible with the usual Howe correspondence, which is defined for
p 6= 2, by Proposition 6.4.
We identify O(W,Q) with U(W,h1)⋊ (Z/2Z) as before. For a pair (χ0, κ) ∈ µ∨q+1 ×
{±1} such that χ20 = 1, the map σχ0,κ : O(W,Q)→ Q
×
ℓ ; (x,m) 7→ χ0(x)κ
m for x ∈ µq+1
and m ∈ Z/2Z is a character. For a character χ ∈ µ∨q+1 such that χ
2 6= 1, the two-
dimensional representation σχ = Ind
O(W,Q)
U(W,h1)
χ is irreducible. Note that σχ ≃ σχ−1 as
O(W,Q)-representations. Any irreducible representation of O(W,Q) is isomorphic to
the one of these representations. Note that the orthogonal algebraic group defined by
W and Q is not connected. We say that an irreducible representation of O(W,Q) is
unipotent if its restriction to U(W,h1) contains a unipotent representation (cf. [AMR96,
3.A]). The unipotent representations in IrrO(W,Q) are σ1,+ and σ1,−.
Lemma 6.5. Let χ ∈ µ∨q+1 be a character such that χ
2 6= 1. We have an isomorphism
Θn(σχ) ≃ ωSpO ,n[χ]
as Sp(V, ω)-representations.
Proof. This follows from the Frobenius reciprocity.
In the proof of the following lemma, we follow the arguments given in [Des08, Propo-
sition 2.2], which does work also in characteristic two.
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Lemma 6.6. We have
〈ρψ,HU (h′), ρψ,HU (h′)〉Sp(V,ω) =
{
2q + 1 if n = 1,
2(q + 1) if n ≥ 2.
Proof. It suffices to show that dimEndSp(V,ω)(ρψ,HU (h′)) equals 2q + 1 if n = 1 and
2(q + 1) if n ≥ 2. Let A be the group algebra of the Heisenberg group H(VF
q2
, h′),
and Aψ denote the quotient of A corresponding to the central character ψ. We have a
canonical U(VF
q2
, h′)-equivariant isomorphism Aψ ≃ EndQℓ(ρψ,HU (h′)). The algebra Aψ
is identified with the space of Qℓ-valued functions on VFq2 . We have
dimEndSp(V,ω)(ρψ,HU (h′)) = dimEndQℓ(ρψ,HU (h′))
Sp(V,ω) = dimA
Sp(V,ω)
ψ ,
which equals the number of Sp(V, ω)-orbits in VF
q2
. We have the orbit {0}. We say that
an element of VF
q2
is decomposable if it is written as v ⊗ a for some v ∈ V and a ∈ Fq2 .
If an element of VF
q2
is not decomposable, we say that it is indecomposable. Let {e1, e2}
be the basis of Fq2. An element of VFq2 is written as v1 ⊗ e1 + v2 ⊗ e2 with vi ∈ V . The
set of the orbits of non-zero decomposable elements is identified with P1(Fq). The set of
the orbits of indecomposable elements is identified with{
F×q if n = 1,
Fq if n ≥ 2
by Sp(V, ω)(v1 ⊗ e1 + v2 ⊗ e2) 7→ ω(v1, v2). Hence, the required assertion follows.
Proposition 6.7. The representations
Θn(σ) for σ ∈ IrrO(W,Q)
are irreducible and distinct as Sp(V, ω)-representations, except that Θ1(σ1,+) is zero.
Proof. This follows from Lemma 6.1, Lemma 6.5 and Lemma 6.6.
Corollary 6.8. The Sp(V, ω)-representation ωSpO ,n contains a unipotent cuspidal rep-
resentation if and only if n = 2. In this case, ωSpO ,2[1]
− is unipotent cuspidal.
Proof. By [Lus77, 8.11. Remarks (1)], if Sp(V, ω) admits a unipotent cuspidal represen-
tation, we have n = s(s + 1) with some integer s ≥ 1. By [Lus77, (8.11.1)] and Lemma
6.1, if s ≥ 2, the representation ωSpO ,n does not contain a unipotent cuspidal represen-
tation. Hence, for ωSpO ,n to contain a unipotent cuspidal representation, we must have
n = 2. Conversely, we show that ωSpO ,2[1]
− is unipotent cuspidal. This is irreducible by
Proposition 6.7 and of dimension q(q − 1)2/2 by Lemma 6.1. This is isomorphic to θ5
in [Eno72, Table IV-2] if q is even and θ10 in [Sri68, §8] if q is odd, which is the unique
irreducible representation of dimension q(q − 1)2/2. These are unipotent cuspidal by
[Lus77, (8.11.1)].
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6.3 Relation with Lusztig induction
Let J =
(
0 En
−En 0
)
∈ GL2n(Fq). We set
G = Sp2n =
{
g ∈ GL2n |
tgJg = J
}
.
Recall that(
A B
C D
)
∈ G ⇐⇒ tAD − tCB = En,
tCA = tAC, tDB = tBD. (6.5)
We consider the Frobenius endomorphism F : G → G; g = (xi,j) 7→ (x
q
i,j). Let 0n−1,1
denote the zero (n− 1)× 1-matrix. We consider a parabolic subgroup
P0 =

∗ ∗ ∗ ∗
0n−1,1 ∗ ∗ ∗
0 ∗ ∗ ∗
0n−1,1 ∗ ∗ ∗
 ⊂ G.
By using (6.5), we have
P0 =

∗ ∗ ∗ ∗
0 ∗ ∗ ∗
0 0 ∗ 0
0 ∗ ∗ ∗
 . (6.6)
We consider the Levi subgroup
M0 =


t 0 0 0
0 A1 0 B1
0 0 t−1 0
0 C1 0 D1
 ∈ G
∣∣∣∣ t ∈ Gm, (A1 B1C1 D1
)
∈ Sp2n−2
 ≃ Gm × Sp2n−2
of P0 and the unipotent radical
UP0 =


1 a b c
0 1 tc 0
0 0 1 0
0 0 −ta 1

 . (6.7)
of P0. We have dimUP0 = 2n− 1. Let
w =

0 0 1 0
0 1 0 0
−1 0 0 0
0 0 0 1
 ∈ Sp2n(Fq).
We take gw ∈ G(Fq) such that g−1w F (gw) = w by Lang’s theorem.
We put P = gwP0g
−1
w , M = gwM0g
−1
w and M
w
0 = {g ∈ M | F (g) = w
−1gw}. We put
Y˜ ′P0 = {g ∈ G | g
−1F (g) ∈ wUP0}, Y
′
P0
= {gP0 ∈ G/P0 | g
−1F (g) ∈ P0wP0}.
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Let π′P0 : Y˜
′
P0
→ Y ′P0 be the natural morphism. Then we have isomorphisms
Y˜P → Y˜
′
P0; g 7→ ggw, YP → Y
′
P0; gP 7→ ggwP0
which give the commutative diagram
Y˜P
∼ //
πP

Y˜ ′P0
π′
P0

YP
∼ // Y ′P0.
Therefore π′P0 is an M
w
0 -torsor by Lemma 4.1.
Let L0 = Fqe1 ⊂ VFq = F
2n
q . Let s : VFq × VFq → Fq; (v, v
′) 7→ tvJv′. We have the
isomorphism f : G/P0
∼
−→ P(VFq); gP0 7→ gL0. For L ∈ P(VFq), we put
L⊥ = {v ∈ VFq | s(v, v
′) = 0 for all v′ ∈ L}.
We have
L⊥0 =
{
2n∑
i=1
aiei ∈ VFq | an+1 = 0
}
.
Let Y ′ = {L ∈ P(VFq) | F (L) * L
⊥}. For g ∈ G, the condition F (gL0) * (gL0)⊥ = gL⊥0
is equivalent to g−1F (g)L0 * L⊥0 . The morphism
ϕ′0 : Y
′
P0 → Y
′; gP0 7→ gL0
is well-defined since we have g−1F (g)L0 = p1wp2L0 = p1wL0 * p1L⊥0 = L
⊥
0 where
g−1F (g)L0 = p1wp2 for p1, p2 ∈ P0.
Lemma 6.9. The morphism ϕ′0 : Y
′
P0
→ Y ′ is an isomorphism.
Proof. Let X0 = {g = (gi,j) ∈ G | gn+1,1 6= 0}. We show that P0wP0 = X0. We easily
check P0wP0 ⊂ X0. Let P0 act on X0 by right multiplication. Then we have a natural
map φ : P0wP0/P0 → X0/P0. By P0 ∩ wP0w
−1 =M0, we have the isomorphisms
φ1 : UP0
∼
−→ P0/(P0 ∩ wP0w
−1) ≃ P0wP0/P0; u 7→ uwP0,
φ2 : X0/P0
∼
−→ A2n−1; (gi,j)P0 7→
(
gi,1
gn+1,1
)
1≤i≤2n−1
.
We can check that the composite φ2 ◦φ ◦φ1 is an isomorphism by (6.7). Thus the claim
follows.
Let L ∈ Y ′. We take g ∈ G such that L = gL0. By g
−1F (g)L0 * L⊥0 , we have
g−1F (g) ∈ X0 = P0wP0. Hence, we obtain the required assertion.
Let S ′2n be the projective smooth variety defined by
∑n
i=1(x
q
iyi − xiy
q
i ) = 0 in P
2n−1
Fq .
Let Y ′2n = P
2n−1
Fq \ S
′
2n. The canonical isomorphism P(VFq) ≃ P
2n−1
Fq
induces an isomor-
phism Y ′ ≃ Y ′
2n,Fq
. Let ϕ′ : Y ′P0 → Y
′
2n,Fq
be the composite of ϕ′0 : Y
′
P0
→ Y ′ and the
isomorphism Y ′ ≃ Y ′
2n,Fq
.
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Let x = (x1 · · · xn), y = (y1 · · · yn), z = (z1 · · · zn) and w = (w1 · · · wn). We
write as
g =
(
A B
C D
)
=
(
tx ∗ tz ∗
ty ∗ tw ∗
)
∈ Y˜ ′P0.
We have
wUP0 =


0 0 1 0
0 1 tc 0
−1 a −b −c
0 0 −ta 1

 .
By g−1F (g) ∈ wUP0, we have F (x) = −z and F (y) = −w. By
tAD − tCB = En, we
have ytF (x) − xtF (y) = 1. Let Y˜ ′2n be the affine smooth variety over Fq defined by∑n
i=1(x
q
i yi − xiy
q
i ) = 1 in A
2n
Fq . We have the morphisms
π˜′ : Y˜ ′P0 → Y˜
′
2n,Fq
; g 7→ (x,y),
fY ′
2n
: Y˜ ′
2n,Fq
→ Y ′
2n,Fq
; (x,y) 7→ [x : y] := [x1 : · · · : xn : y1 : · · · : yn].
We identify Sp2n−2(Fq) with the subgroup {1} × Sp2n−2(Fq) ⊂ M
w
0 . Then π˜
′ induces a
morphism
ϕ˜′ : Y˜ ′P0/Sp2n−2(Fq)→ Y˜
′
2n,Fq
.
We have the commutative diagram
Y˜ ′P0

π˜′
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
Y˜ ′P0/Sp2n−2(Fq) ϕ˜′
//
fY ′
P0

Y˜ ′
2n,Fq
fY ′
2n

Y ′P0 ϕ′
// Y ′
2n,Fq
where the vertical morphisms are natural ones. Since fY ′
P0
and fY ′
2n
are µq+1-torsors and
ϕ′ is an isomorphism, ϕ˜′ is also an isomorphism.
Proposition 6.10. Let χ ∈ µ∨q+1. We have
H2nc (X
′
2n,Fq
,Qℓ)[ψ][χ] =
{
−RGM⊂P (χ⊗ 1) if χ ∈ µ
∨
q+1 \ {1},
1−RGM⊂P (1) if χ = 1
as characters of GF .
Proof. We have isomorphisms Y2n,F
q2
≃ Y ′2n and Y˜2n,Fq2 ≃ Y˜
′
2n which are compatible with
group actions similarly as Remark 2.2. Therefore, the claim follows from Proposition
3.8 and (4.1) since ϕ˜′ is an isomorphism.
Corollary 6.11. Let σ ∈ IrrO(W,Q). Assume that σ 6= σ1,+ if n = 1. Then the
Sp(V, ω)-representation Θn(σ) is unipotent if and only if σ is unipotent.
Proof. The claim follows from (4.2) and Proposition 6.10.
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Remark 6.12. It is also possible to show Corollary 6.11 using results in [GT04] if p = 2,
and results in [TZ96] and [Ngu10] if p 6= 2. The proof in this paper is geometric and
does not depend on the parity of p.
Remark 6.13. We assume that q is odd. If q is large enough as in [AM93, (3.11)(2)],
then Corollary 6.11 follows from [AM93, Theorem 3.5(2)].
Remark 6.14. We use the same notation as Remark 5.4. We have ǫG = (−1)
n and
ǫM = (−1)
n−1. As in Remark 5.4, we have
dimRGM⊂P (χ⊗ 1) = ǫGǫM
|GF |p′
|MF |p′
= −
q2n − 1
q + 1
for any χ ∈ µ∨q+1. This is compatible with Lemma 6.1 and Proposition 6.10.
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